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J. MACROhlOL. SCL-CCHEM., A7( 61, pp. 1231-1245 (1973) 

A Brief Survey of Methods of 
Calculating Monomer Reactivity Ratios* 

R. M. JOSH1 

National Chemical Laboratory 
Poona. India 

A B S T X A C T  

Var ious  published methods of calculating mocomer reactivity 
ratios a x  surveyed in :he light of computer analysis of a 
large number of experimental data. One typical system, 
vinyl chloride-methyl acrylzte, is discussed in detail. Some 
of the earlier methods, such as the Fineaan-Ross method 
and the graphicai Mayo-Lewis solution, are considered 
obsolete. The most preferred method for kinetic interpreta- 
tions of copolymerization data is indicated. 

I N T R O D U C T I O N  

Since the publication of the new analytical solution [ 11 to the Mayo- 
Lewis plot of the l inear form of copolymer composition equation, we 
have analyzed a large number of experimental syscems by this a d  
many other existing methods, using appropriate computer programs 
made for both differential and integral forms of the equation Results 

*N. C.L. Communication No. 1697. 
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1232 JOSH1 

obtained for  one typical system, vinyl chloride (>I, ) and methyl 
acrylate (11, ), using e-xperimental data of Chapin, Ham, and Fordyce 
(21  a r e  given in Table 1 vhich illustrate the diversity in numerical 
values of monomer reactivity ratios (MRR) given by different 
methods for one and the same experimental datum. The efficacy of 
different methods in obtaining a maximum likelihood estimate cf the 
MRR parameters for this system are discussed and the most pre- 
ferred procedure to  be adopted for future copolpnerizacion studies 
is indicated. 

S U M M A R Y  O F  M E T H O D S  

The main features of V M ~ O U S  published rnechods *under this 
survey are summarized below. 

T h e  J J M e  t h o d f 1 1 . This most recently published procedure 
h a s  eliminated the subjective element in the selection of the ''best" 
point of intersection on the Mayo-LeWs plot, .ahich is "statistically" 
the closest point to all experimer;tal lines. Its coordinates are 
calculated vithout actually drawing the Mayo-Lewis plat. The 
analytical solution of the coordinates of the point of intyrsectiqn is a 
weighted, linear, least-squares solution with 1/1 + mi- ( =  cos- 9, 
where 9 is the angle of inclination of the line) ad the weighting factor. 
The method is simpie to operzte manually vithout the aid o i  a 
compurer, at least for the differential form of the composition 
equation. 

The method h a s  since been extended to the integral equarion v i th  
the following procedure. h first rough estimate of MRR is obtained 
using the differential equation and average mole-fractions of monomer 
feed. from which the region of intersection is located for  the 
purpose of fixing the ranges of "p," an auxiliary constant of the 
inte-al eqmion., For each 'integral curve, p is fixed automatically 
by an auxiliary analytical manipulation (covered by Eqs. A-20 to A-23 
of the complete computar p r o g a m  schedule given in the Appendix) so 
that an appropriate portion of the i n t e c d  curve is lived vhicn is 
later approximated M the root a e a n  square ( r m s j  strrlight line and 
its slope and intercept computed by Eqs. (A-24)  to (-4-28) in the 
Appendix The new slopes acd intercepts a re  treated in the same 
manner as for the differential equation procedure. In the several 
hundreds of systems analyzed thus, it has been firmly established 
that the slopes and interceprs calmlared by rnaking use of the simple 
arithrnetx average of initial and i i d  monomer feeds in the differ- 
ential equation tally very closely with those from the approximated 
integral curves, at least to two digits, and the corresponding M2R 
values agreeing to three digits o r  better, This  is an impor t a t  .ob- 
servation which the author would like to reemphasize [ 31. Thus when 
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1234 JOSKI 

conversions a r e  restricted to 10 o r  even up to 205, the laborious 
calculations of the integral equation a re  quite unnecessary to obtain 
the final values of the MRR computed without exceeding the inherent 
experimental e r r o r s  involved in copolymerization work. 

- T h e  J K  M e t h o d  [4!. This method, published in 1953 7Pith a 
view to eliminating subjective e r r o r  in the location of the best point 
on the Mayo-Lewis plot and obtaining some quantitative estimate of 
the standard deviation, considers all n(  n - 1) /2  intersections of pair-  
combinations of n e?rperimental lines. The weighting factor is 
either tan dp sin Q [ S] , or  tan 0 /2  (unpublished) There C is the angle 
of intersection of the two lines. These weighting factors are all 
empirical with no physical significance attributable to the best point 
derived. They only denote how far-removed are the two experiments 
on the monomer composition axis and how much r a g e  of the 
monomer feed is covered. Flat intersections of any tTllo close 
experiments are automatically eliminated from the average due to 
the vanishingly small  angle of intersection, and conversly, vide-angle 
intersections are weighted heavily. This method was  extended to 
integral equation by Shtraikhman [ S] and h a s  also been employed 
occasionally in some early computer programs for deriving MRR (71. 

transformed the linear e q w i o n  of copolymer composition into the 
symmetrical form 

T h e  Y B R M e t  h o d  [ 81. Yezrielev, Brokhina, and RosWn 

I L  

F / f f - r ,  - t f / F * r ,  A ( l / f '  - f') = 0 

where F = M,/Mvl, and f = m,/m, . This equation retains the same 
form on inversion of the datum, Lu., F and f changing to f/F and l/f, 
respectively, when monomer order  is reversed. Hence a unique 
solution results from both normal and inverted data as in the JJ 
method. The least squares solution for the parameters of the straight 
line represented by the above equation have formulas different from 
those of the slope-intercept form in the well-known method of 
Fineman and Ross [9]. These a re  given below in cerms of the 
familiar quantities, the slope m = Fz/f and the intercept c = F (l/f - I )  
on the r2 v s  rL  plot. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
1
5
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



MONOrYCR R E X C T F I T Y  RATIOS 1235 

N s N N 
where A = G m., B = 2 c., C = S l /mi,  D = G c./m 
experiments, and A = the rrns e r r o r  as given by 

3 = number of 
1 I i i' 

where A +  = ( r l 0 m i  A ci - rZo) .  

the same auxiliary analytical technique (as used tor  the JJ method) 
of automatic selection of the parameter p to cover the significant 
region, treating the integral curves as rms straight lines and 
computing the new slopes and intercepts in Eqs. (21, (31, and (4 ) .  
The complete set of equations for our computer program of the YBR 
method is given in the Appendix. 

least-squares procedures, different from a l l  the previous linear 
methods: by fitting the experiment2 mole-fractions m2 I % =  m 2 / m l  
of the copoiymer to the theoretical curve in the form due to Skeist 
[ ll;, IE? vs M,. The theoretical c 'zves are computed on the basis 
oi  aii initial rocgh estimate of ry  and rz, and its rofinement is made 
by sumessive iterations s o  as to mimmize the sum of mean-square 
deviation, S d 2 ,  oi  the expenmental  points from the theoretical 
curve. This is done more o r  iess by the standard Gauss-Newton 
nonlinear least-squares procedure with modifications [ 121 which 
ensure and expedite convergence in the process  of iteration. Generally 
two o r  three iterations a r e  adequate for the copo1:merization data 
The TM method presumes that there is no possibie experimental 
e r r o r  in the independent variable, i.e., M2, or the monomer 
composition of the feed, and that the absolute e r r o r  in m2 
(copolymer composition) is independent of its value, o r  constant. 
The method has been claimed [ 131 to be the best procedure so f a r  
evolved to compute the MRR and their  confidence region, and 
recommends that only a cerrain range of monomer feed (generally 
that would result  inzo a copolymer with 30 to 70% m2 ) leads to 
maximum reliable information about the MRR of a copolymerization 
system. 

the differential copolymer composition equation in the followicg 
l inear form: 

1 
We Pxtendec the above formulas to the integrated e a u t i o n  through 

T M M e t h o d [ lo]. Tidwell and Mortimer adopt a nonlinear 

m 2 )  

F R M e t  h o d [ 91. Fineman and Ross were the first to arrar.ge 
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1236 JOSHI 

where F = ?i11,'412 and I' = mL/ 'm2.  If one ,graphs F( 1 - l / f )  v s  -F'/f, 
the slope of the straight line is rL and the intercept is r2. The 
method has received much acceptance in copolymerization l i terature  
although it g v e s  rivo different solutions for the same experimental 
datum when the monomer sequence is reversed,  the values derived 
from slope nonecheless being t&en as the MRR values. This  method 
h a s  now been totally replaced by the YBR method, at least  in 
principle. 

D I S C U S S I O N  

Table 1 presents the 4IRR values for the system vinyl chloride 
(M,)-methyl acrylate (M.,), obtained through the different methods 
under review. There are two distinct objectives in the process  of 
evaluating the MRR values with precision for any copolymerization 
system; 1) prediction of copolymer composition for  m y  star t ing feed, 
and 2) understmding the kinetic features of copolymerization implied 
in the relative reactivities of the propagating free radical with the two 
monomers ( r1 = k, L/kL2 ; r2 = ka ? / k l  l). The obvious cr i ter ion for  
1) is a good fit of experimental points with the theoretical curve of 
copolymer composition vs monomer feed. This cri terion is directly 
followed by the T4I mechod vhich is a computerized c.a,rve-fitsing 
method, but less  directly by other methods such as the JJ method 
o r  the YBR method ;ohere some other functions of the tTvo variables 
are fitted best by the l e u t - s q u a r e s  procedure. The Td2 value in 
Table 1 is 3 direct m e s u r e  of the efficacy of a Computation method 
in predicting the copoiymer composition. Apparently the TSI method 
is the best  method in this r e g r d ,  provided that the absence of a 
multiple minima in every case  is ensured by the computation tech- 
nique. For this particdar system, values given by the original 
authors [ 21 by graphical curve-fitting and p e r s o d  judgement. and 
even the FR solution ( f rom slopes onlyj, score high in minimizing 
the EdZ. This is, however, fortuitous. From our analpsis cf a 
Iarge number of other experimental data v e  observe that s o r e  often 
irrational solutions with very high Zda result  from graphical 
methods and from che FR method. This applies equallg well to the 
JK method :vhich uses e m p i r i c d  veighting factors. Our recently 
published JJ method -gas also found to be hopelessly inaccurate in 
fulfilling the objective of minimizinq Td' , which is achieved fully in 
the TSI method. It  also gives negative .MRR values for apparentlg 
good experimental data. [ 141. On the other nand, the YBR method, 
which now rationally replaces che FR method by virtue oC i ts  ability 
to  fie16 a unique soiution from normal and inverted datum due to an 
ingeneous manipulation of the same l inear  equation of the AT method, 
vas found to be  next-best to the T?/I method in attaining the minimum 
of XdZ. 
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MONOMER REACTILTY RATIOS 1237 

The criterion of minimum Zd2 achieved in the TM method may not, 
however, always coincide with the attainment of the best MRR values 
that will truly represent these parameters kinetically for  the particu- 
lar system. h few er ra t ic  esperimental points will car ry  the hG!R 
values as t ray in the process of minimizing Zd'. The T M  method 
needs some reexaminaxion as regards its ability to circumvent an 
occasional errat ic  esgerirnent in the set of experimental d a t a  
Figure 1 shows the theoretical curve drawn with TM values of XRR 
taken from Table 1, together with experimental pcints 1 through 8. 
It is readily seen that experimental point 2 is slightly "off9* in this 
set. The T M  procedure, in an attempt to negotiate with this point 
to minimize Zd2, has  indirectly led to the suggestion that there is a 
systematic, negative e r r o r  in composition analysis (nigh percent 
chlorinej in 6 oat of the 8 experiments (i-e-, points 1,3.?,5,6 and 8) 
which fall below the TM curve throughout The theoretical T M  
curve does not look like a good f i t  since it only passes "near enough 
to'' bur not through the e?rperimental points, and no experimenter 
may readily accept it. X better and rational curve-fitting seems to 
be achieved by the YBR method as shown in Fig. 2. Here the curve 
passes  evenly between the experimental points, with three points 
above the curve four points below the curve, with one point almost on 
the curve. The 3iFlR values given by the YBR method have a slightly 
higher Td' than the TM method, but may actually be a better estima- 
tion of the ambient kinetic parameters (k ,  
the entire copolymerization range since the YBR c u v e  is aot deflected 
n u c h  by one stray esperimefital point, KO. 2. 

The characterist ic and basic deficiency in the TM computational 
procedure appears to be the fact that it minimizes the sum of sqtiares 
of the vertical distances, "d," in Fig 1, Le., the e r r o r  element on 
the copolymer composition &.-is only. It presumes that there  is no 
e r r o r  present in the monomer-feed composition, the independent 
variable. T h s  may not be the case with all experimental data in  the 
l i terature,  especially more recent work where the initial and final 
monomer compositions a r e  independently estimated, for instance, by 
gas-liquid chramarography, as in the work of Johnston and Rudin [ 151 
or  German and Eeikens [ 161. F o r  the purpose of a general method of 
comput iq  MRR, it would be more reasonable to assume that the ex- 
perimental e r r o r  can occur in both monomer feed and in the copolymer 
composition, in which case the normal distance "b" in Fig. 1, ra ther  
than the distance "d," should be the one to be minimized by the least- 
squares procedure. Due to the complexity of the equation of the 
copolymer compositior, curve, an absolute mathematical solution for 
the m i n i n a  of Xb' is not possible withcut linearizing t h e  equation as 
in the JJ method o r  the YT3R method. But an iterative computer 
program similar  to the TM method may be feasible. Such efforts a r e  
under w2y. It is yer to be seen whether the solution of this Und of non- 
l inear iterative scheme will coincide with any of the linear equation 
methods, pmicular ly  the YBR method which may be accepted as the 
best h e a r  method 

k 2, etc. ) prevailing over 
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1238 JOSH1 

FTG. 1. Experimental data of Chapin e t  al. [ 2 ]  for the system 
vinyl chloride ( ML )-methyl acrylate ( M2 ) and the best-fitred theoretical 
curve of T i b e l l  and hiortimer [ 101. 

C O N C L U S I O N S  

The following conclusions a re  made on the basis of experience 
F-ined by handling severzl  hnndreds 3f copolymerization systems but 
sispiffed merely by one system cited and discussed above. 

L Some of the ear l ier  methods of computation or' monomer re- 
activity ratios have now become obsolete and should not be propagated 
in the copolymerization literature. These include the empirical JX 
method. the graphical Mayo-Lewis soiution, and the  FFl method. 
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i 0.9 4 
I / I 

0.0 0.1 0.2 0.3 04 C.5 0.6 0.7 0.8 0.9 

FIG. 2. Experimental data of Chapin et aL. [ 21 for  the system 
vinyl chloride ( M ,  )-methyl acrylate ( M2) and the best-fitted theoretical 
cunre of Yezrielev et al. [ 81. 

2, The FR method has been completely and most satisfactorily 

3. The grauhicd Mayo-Lewis treatment and the subjective selection 
replaced by the YBR method. 

oi values is thoroughly replaced by the JJ method. However, the 
method has been found to be unsatisfactory in yielding a rational 
solution, perhaps a limitation of the Mayo-Lewis plot itself. 

method and the linear YBR method. While the former is most accurate 
in matching copolymer composition, the YBR method gives a very 
balanced average in spite of any s t ray  experimental e r r o r  in a set  of 
data 

4. The two outstanding present day methods are the nonlinear T M  
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t240 JOSBI 

5. tF conversion in copolymerization experiments is kept *xithin 10 
to 20$, the use of average monomer feed ratios and the differential 
equation cau be safely adopted in place of the laborious procedure of 
the integrated equation, without causing any loss of accuracy beyond 
inherent experimental error. 

6. Xn important property of the YBR method has been noted. 
While the YBR theoretical line represents the least-squares line €or  
the plot of linear, symmetrical Eq. (l), covering both normal and the 
inverted datum, it also represents a line which is found to fulfill 
exactly the condition: Z(ER)i = 0 ( in  Eq. A31 or' the Appendix). This 
ensures that the YBR line is situated evenly bemeen the experimental 
points of positive and negative error, -Ii. This is a very desir- 
able feature of the YBR solution, unattained in other linear methods 
so f a r  developed. 

A P P E N D I X  

G l o s s a r y  of S y m b o l s  

a = molecular weisht of Monomer 1 
b = molecular weight of Monomer 2 

m2 = average nole-fraction of Monomer 2 in the 
copolymer composition 

M,' = initial rnoie-fraction of Monomer 2 in the feed - 
WFC = weight-fraction conversion 
LMFC = mole-fraction conversion - N = number of observations/experiments 
M, = mean mole-fraction of Monomer 2 in the feed 

MI, M 2  = final mole-fractions of monomers after conversion 
WFC 

rn. = slope (tan 3;) of the i-th experimental line on the 
rz vs r, (Mayo-Lewis) plot 

ci = intercept of the above line on the r2 axis 
a. = cos 3i, 3. = sin 0 . auxiliary functions of the in- 

1 

1 1 i' 
clination angle of the i-th line. used €or confining 
an appropriate portion of this line in the region of 
intersection. 

( rlIi, ( r2j1 = coordinates of the point of intersection cf the normal 
from the "best" point ( r I  3, r2 ), and the i-th l im 

( rl', r2') = coordinates of the "best" point of intersection treat- 
ing the differential equation by the YBR method [ s], 
or the JJ method [ I] for its corresponding computer 
Program 
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MOh’OiMER REXCTTVIT’P RATIOS 1241 

Pi] = arbitrary- parameter  of the in tega ted  e q u t i o n  of 
copolymer composition, as defined by Eq. (A- 20). 

Z = auxiliary constant controlling the range of P.’ in 

Eq. (A-20j. A value of (3.1 for this constant is 
generally suitable for most systems 

i-th line drawn on the basis of the differential 
equation, and used for the purpose of computing Pi 

integral curve 
x. = slope of the i-th r m s  line passing through the three 

arbi t rary points represented by ( R  ) ‘ ?  ( R  ) 1 : i  2 i  
yi = intercept of the above r m s  line on the rs axis 

R:, R,’ = the final MRR values from the integrated equation 
S, or s = symbols for  the standard deviations of MRR values 

from the integrated and differential equations, 
respectively 

(ER)i = e r r o r  in individual experiment with respect to the 
best fit by the YBR method [ 81 

1 

(rl) i  j , (r2)/ = arbi t rary coordinates of the j-th point around the 

j 

. only 
( R i ) / ,  (Rz) i ’  = absolute coordinates of the j-th point on the i-th 

1 

S c h e d u l e  o f  E q u a t i o n s  f o r  C o n p u i e r  P r o g r a m s  

irqut Data 

a, b, MILo, m,, WFC, and 2 ( =  0.i: generally) 

Compuation of Slopes ( m .  ) and Intercepts ( cii for  3ifferential 

Equation Procedure 
1 

M,’ b i a ( l  - M,’) 

m, b + a ( l  - m , )  
- - MFC = W C  

- 2 Mzo - MFC ( M , O  m,) 
M, = 

2 ( 1  - MFC) 
(A-2) 

F =  (1/’R2)- 1 
f = ( l / G , ) -  1 
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m = F * / f , i = l , 2 , 3  , . . . ,  N (A-5) 

c i -  - F ( l / f - l ) , i = l , 2 , 3  ,..., N 
i 

(X-8) 

Computation of rms SLopes (xi) and Intercepts (y,) for the Xntegated 

Equation Procedure 

N Gci/mi - c c i  * z I/mi x 

Z m  i z l /mi  - N' i= l  
r,' = , s  = T d . (A-7) 

For JJ method program, Eqs. ( 2 )  and (3) of Ref. 1 replace Eqs. 
(A-7) and (A-8) above. 

= a. '(rL0 1 + mlrZ '  - m.c. I t  ) (A-9) 

I 

ji = (rn. '/1 + rn.'lz = sin 3. 

M* = M20- MFC(rn?)  

1 1 1 

?dl = ( 1  - MJI,o) - MFC( 1 - E l )  

(A-10) 

(A-11) 

(A- 12) 

(A-13) 

(A- 14) 

(A-15) 

(A- 16) 

(A- 17) 
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MONOMER REACTIVITY FUTIOS 

D = ;II,’/MzQ 

E = M,/M, 

j=i,+d,-d 
Pi! = (J = 3) 

j=i,bd,-d 

‘ 1 - (rl)i 

1 - (r9Ii 

1 - E(Pi])  
Ail = 

1 - Dip,’) 

. log c - 1/Pi3(1og Ail ) 

log B + log A; 
(RZIi’ = 

(Rl ) i l  = P - P/ (1 - !R2ji j ) 

1243 

(A-18) 

(A- 19) 

(A- 20) 

(A-  21) 

(A- 22) 

(A-23)  

(A-24) 

(A-25) 

(A-26) 
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Subroutine €or the Y3R Sfethod (81 

Differential eauation: 

rl' = repeat Eq. (A-7) 

r2'  = repeat Ea. (A-3)  

(ER)i  = m.r  - r2' + c 1 1  i 
1 

( E R ) *  = ( z  ( E R ) ~ ~ ; ( N  - 

I' C mi 
s, = 2 (ER)' 

(A- 29) 

(-4-30) 

(A-31)  

(A-32) 

(A-33) 

(A-34) 

For JJ program, Eqs.  (A-31) to (A-34) are replaced by Eqs. ( 6 )  
and (7)  of Ref. 1. 

Integrated equation: 

To obtain RI0, R,'; the final MRR values; and their  standard devia- 
tions SI aud S,; repeat the above subroutine putting m = x. and c. = yi. 
- Xote: The subscript  i €or Eqs.  (A-1) to (A-4)  and (-4-13) to (A-19) 

h a s  been omitted for  convenience. 

i i  1 
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